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Abstract
This paper attempts to classify the locally projective section regular n-polytopes of type
{4,3, . . . ,3,p}, that is, to classify polytopes whose facets are cubes or hemicubes, and the vertex
figures are spherical or projective polytopes of type {3, . . . ,3,p}, with the facets and vertex figures
being not both spherical. Spherical or projective (n − 1)-polytopes of type {3, . . . ,3,p} only exist
when p  4, or p = 5 and n − 1  4, or n − 1 = 2. However, some existence and non-existence
results are obtained for other values of p and n. In particular, a link is derived between the existence
of polytopes of certain types, and vertex-colourability of certain graphs. The main result of the paper
is that locally projective section regular n-polytopes exist only when p = 4, or when p = 5 and n = 4
or 5.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
This article examines, and attempts to classify, the section regular locally projective
polytopes of type {4,3, . . . ,3,p}. We start with some preliminaries on abstract polytopes.
An (abstract) n-polytope is a partially ordered set P with a rank function mapping max-
imal totally ordered subsets of P onto {−1,0,1, . . . , n}, and also satisfying rankx < ranky
whenever x < y. Additional properties are required of the partial order that are intended to
reflect properties satisfied by the face-lattices of classical geometric polytopes. In partic-E-mail address: michael.hartley@nottingham.edu.my.
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rank −1. The P and ∅ are supposed to represent respectively the whole polytope and the
empty set. The maximal totally ordered subsets of P are called flags, and subsets of the
form y/x = {z: x < z < y} are called sections. If ranky− rankx = 2, polytopality requires
the section y/x to contain exactly two elements besides y and x. Finally, polytopality
requires that sections be connected. For a more detailed description of these properties,
including a precise definition of connected, the reader is referred to Section 2A of [16].
Sections of the form y/∅ are called faces, and are identified with the elements y. The
rank of a face y/∅ is the rank of y. Sections of the form P/x are called cofaces. Faces of
rank n− 1 are called facets, and cofaces P/x where x has rank 0 are called vertex figures.
An n-polytope is section regular if n = 1, or if its facets (likewise the vertex figures) are
all section regular and isomorphic. An equivalent definition would be to say that sections
y1/x1 and y2/x2 must be isomorphic if ranky1 = ranky2 and rankx1 = rankx2. A regular
polytope is one whose automorphism group acts transitively on the set of its flags. Regular
polytopes are in one-to-one correspondence with string C-groups, that is, groups generated
by involutions, having a string diagram, and for which 〈I 〉∩〈J 〉 = 〈I ∩ J 〉 for any subsets I
and J of their generating sets. All regular polytopes are section regular, but not vice-versa.
All polytopes with a particular type of facet and vertex figure may be expressed as a
quotient of some universal (regular) polytope by a subgroup of its automorphism group.
The search for polytopes (regular or otherwise) with particular facets or vertex figures usu-
ally proceeds as follows. First, find the automorphism group Γ of the appropriate universal
polytopeM. Next, find subgroups N  Γ for whichM/N is a polytope. Such subgroups
are called semisparse subgroups of Γ .
Many abstract polytopes, but not all, have a well-defined ‘natural’ topology. For exam-
ple, we could call a polytope spherical (or, respectively, toroidal, projective, etc) if it was
(isomorphic to) a tiling of the sphere (respectively, the torus, projective space, etc). All
2-polytopes are spherical, being n-gons for some n. In general, a polytope has a ‘natural’
topology if and only if its facets and vertex figures are spherical. For other polytopes, it
becomes necessary to characterise them in terms of some kind of ‘local’ topology—for
example, a locally toroidal polytope may be defined as one whose facets and vertex fig-
ures are spherical or toroidal (but not both spherical). In fact, this is the commonly used
definition of a locally toroidal polytope (see [19], for example).
In this article, a section regular polytope is called locally projective if its facets and
vertex figures are spherical or projective, with at least one kind projective. This definition
of locally projective, although different from that used in [11], is analogous to the definition
given to the term “locally toroidal,” as mentioned above.
There has been concentrated effort to classify the regular locally toroidal polytopes.
A great deal is known about locally toroidal polytopes in rank 4, and progress has also been
made in higher ranks. A significant portion of [16] is devoted to outlining the classification
as it stands, and the reader interested in more details is referred to that source.
Comparatively little has been done for locally projective polytopes. Some isolated re-
sults have been published earlier, but until recently no systematic effort has been made
to examine the relevant cases one by one. This article should be seen as part of such a
systematic effort, which reaches an important milestone in [8].
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based on the ideas derived in [4] and developed in [5]. Understanding this article will re-
quire some familiarity with those ideas, as well as (of course) some basic knowledge about
polytopes generally, and about Coxeter groups and C-groups. For the former, the reader is
referred primarily to [16], alternatively to [2], or (in English) [12,14] and the references
therein. For Coxeter groups, the reader is referred to either [1], or (in English) [9].
The structure of this article is as follows. Section 2 analyses the Coxeter group
[4,3, . . . ,3,p]. Section 3 examines polytopes whose facets are all hemicubes, using both
combinatorial arguments, and the results of Section 2. An important non-existence theorem
is derived for the case when p is odd.
In Section 4 it is shown that hemicubes possess the so-called “The flat amalgamation
property” (introduced in [18] and expanded in [16]), and this fact is used to prove the
existence of polytopes of type {4,3, . . . ,3,p} whose facets are hemicubes whenever p is
even. Finally, Section 5 briefly covers locally projective polytopes of type {4,3,5} and
{4,3,3,5}, and the final section gives some concluding remarks and a summary of the
main results.
2. Analysing the group [4,3, . . . ,3,p]
Let W be the n-Coxeter group [4,3, . . . ,3,p] = 〈s0, . . . , sn−1〉 (n  3). The polytope
M(W) can in some cases be thought of as a tiling of some kind of (n − 1)-space by
(n − 1)-cubes, in particular when p = 3 or p = 4, or if p = 5 and n 5. In fact the terms
“tiling” and “space” can be extended in an intuitive way to cover other values of p and n,
since at least the facets of such polytopes, if not the vertex figures, are spherical. The group
〈s0, . . . , sn−2〉 is the group of the cube. Recall the flag action of Section 3 of [4]. It will be
useful to examine certain elements of W which have the effect, under the flag action, of
moving from one facet of the tiling to an adjacent facet. To this end, we define
vi = si−1si−2 . . . s1s0s1 . . . sn−2sn−1sn−2 . . . si
for i = 1, . . . , n − 1. Note that these elements are conjugate to one another, since vi+1 =
sivisi for i  n−2 (hence also vi−1 = si−1visi−1 for 2 i  n−1). It may be shown using
the relations for W that (for i < n − 1) sivj si = vj if i = j, j − 1, and that s0v1s0 = v−11 .
It should be noted that proofs of these conjugation relations do not require the use of the
relation (sn−2sn−1)p .
What we have, in fact, is that the conjugation action of Hn−1 on the v1, . . . , vn−1 is
isomorphic to the natural action of the reflection group of the classical (n− 1)-cube on the
unit vectors e1, . . . , en−1 which define its edges in Euclidean space.
The conjugates of the vi by sn−1 are somewhat more complicated, and we shall
not examine them here. For now, let us prove the following lemma about the group
V = 〈v1, . . . , vn−1〉.2.1. Lemma. W = VHn−1.
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each hi is an element of Hn−1. Since sn−1 = sn−2 . . . s0v1s1 . . . sn−2, we may in turn write
w = h′1v1h′2v1 . . . h′kv1h′k+1, where again, each h′i is an element of Hn−1. Any conjugate
of v1 by an element of Hn−1 is either a generator of V or its inverse, so we may write
w = vε1i1 v
ε2
i2
. . . v
εk
ik
h′1h′2 . . . h′kh′k+1, where h′1 . . . h′j v1 = v
εj
ij
h′1 . . . h′j . Thus w ∈ VHn−1 as
required. 
Note that it is not claimed here that W is a semidirect product of V and Hn−1. We shall
see later that in general it is not.
Another feature of the group W = [4,3, . . . ,3,p] = 〈s0, . . . , sn−1〉 with n generators
is that it contains the (n − 1)-generator group W ′ = [4,3, . . . ,3,p] = 〈s′0, . . . , s′n−2〉 as a
subgroup. This fact is stated as the following lemma.
2.2. Lemma. Let W = Wn = 〈s0, . . . , sn−1〉 = [4,3, . . . ,3,3,p] and W ′ = Wn−1 =
〈s′0, . . . , s′n−2〉 = [4,3, . . . ,3,p]. Then the map φn−1 defined via s′iφn−1 = si for 0  i 
n− 3, and s′n−2φn−1 = sn−2sn−1sn−2 is a monomorphism from W ′ to W .
Proof. Omitted. This is related to the ‘cut’ operation outlined in Section 7C of [16]. 
Note that if the v′i ∈ W ′ (for 1 i  n − 2) are defined in the same way as the vi ∈ W ,
then we have viφ−1n−1 = v′i for i = n− 1. This allows us to prove the following theorem.
2.3. Theorem. The element v1s0s1 has order p, as does visi−1 . . . s2s1s2 . . . si−1s0 for 2
i  n− 1.
Proof. Let us prove first that v1s0s1 has order p in the group [4,p]. In this case, v1s0s1 =
s0s1s2s1s0s1, which may be shown to equal s0s1s0s2s1s0s1s0. Thus v1s0s1 is conjugate
to s2s1, and thus has the same order. Now consider v1s0s1 ∈ W = Wn. Let φn−1 be the
monomorphism of Lemma 2.2, and define similarly monomorphisms φn−2, φn−3, . . . , φ3.
Then v1s0s1 has the same order in W as (v1s0s1)φ−1n−1φ
−1
n−2 . . . φ
−1
3 in [4,p], that is, order p.
That visi−1 . . . s2s1s2 . . . si−1s0 has order p in W may be seen by considering the conjugate
(si−1 . . . s1)v1s0s1(s1 . . . si−1) of v1s0s1. 
Let us consider how conjugation by s0s1 changes the vi : we obtain s0s1v1 = v2s0s1 and
s0s1v2 = v−11 s0s1, and hence of course s0s1v−11 = v−12 s0s1 and s0s1v−12 = v1s0s1. Using
these relations we can change the relation (v1s0s1)p = 1 to the form vh = 1 for some
v ∈ V and h ∈ Hn−1, as follows.
2.4. Lemma. Let p = 4k + l.
(i) If l = 0 then (v1v2v−11 v−12 )k = 1;
(ii) If l = 1 then (v1v2v−11 v−12 )kv1 = s1s0 = (s0s1)3;
(iii) If l = 2 then (v1v2v−11 v−12 )kv1v2 = (s1s0)2 = (s0s1)2;−1 −1 k −1 3(iv) If l = 3 then (v1v2v1 v2 ) v1v2v1 = (s1s0) = s0s1.
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(v1v2v
−1
1 v
−1
2 )
k = 1, then by conjugation, (vivj v−1i v−1j )k = 1 for any i and j .
2.5. Theorem. V ∩Hn−1 = {1} and, therefore, W is a semidirect product of V by Hn−1, if
and only if p = 4k.
Proof. If p = 4k, Lemma 2.4 shows that V ∩ Hn−1 = {1}. Now, let p = 4k, and let v =
v
ε1
i1
. . . v
εt
it
be an element of both V and Hn−1, where each εj = ±1. The given expression
for v may be reduced to a word h on {s0, . . . , sn−2} using the defining relations of W .
This yields a sequence of words v = w0,w1, . . . ,ws = h on {s0, . . . , sn−1}. For each l, the
word wl = sj1,l . . . sjul ,l yields a sequence sj1,l , sj1,l sj2,l , sj1,l sj2,l sj3,l , . . . of elements of W ,
which in turn yields, via the flag action, a sequence of flags of the “tiling” M(W). From
this sequence of flags, we obtain a sequence of facets of the tiling, which in turn yields a
word vε1,li1,l . . . v
εt,l
it,l
in an obvious way (since each vi corresponds, under the flag action, to a
unique move from a given facet to one of its adjacent facets). Thus, our sequence of words
w0,w1, . . . gives, in a unique way, a sequence of words u = u0, u1, . . . on the alphabet
{v±11 , v±12 , . . . , v±1n−1}, via a sequence of sequences of facets of M(W). It should be noted
that considered as elements of W , wl = ulhl for some sequence h0, h1, . . . of elements
of Hn−1.
The words ul and ul+1 will only be different if the corresponding sequences of facets
are different. These, however, will only be different if the relation used to change wl to
wl+1 was either s2n−1 = 1 or (sn−2sn−1)p = 1. It is not hard, therefore, to determine the re-
lationship between ul and ul+1. If the relation used was s2n−1, then we have either removed
or added a pair of the form viv−1i or v
−1
i vi to ul . If the relation was (sn−2sn−1)p , we have
applied a relation of the form (vivj v−1i v
−1
j )
k to ul . Neither of these operations will affect
the hl in any way, so that hl = hl+1 for all l. Since also h0 = 1 and hs = h = v, it follows
that v, now considered as an element of W , equals the identity, as required. 
In the case p = 4, this result is certainly not new, and the relation (vivj v−1i v−1j )k
reduces to vivj = vjvi for all i and j , making V an abelian group. Since also W =
[4,3, . . . ,3,4] is infinite and Hn−1 is finite, and since the generators vi of V are all mutu-
ally conjugate, it follows in this case that V ∼= Zn−1.
Note that the constructions used in the proof of the result draw near to the dual of that
used in the so-called circuit criterion, namely, Theorem 2F4 of [16].
3. Polytopes with all facets hemicubes
The first thing to note about a polytope whose facets are all hemicubes is that it is “flat,”
that is, every vertex is a vertex of every facet. If a polytope P is flat, its dual P∗ is also flat.
Polytopes whose facets are flat are also flat.
That the hemicube is flat may be proved by noting that the facets and the (n − 2)-faces
each have 2n−2 vertices, and then using connectivity, in particular, the fact that for any pair
of facets F , F ′, there is a sequence F = F0, f0,F1, . . . ,Fk = F ′ of facets Fi and vertices
fi such that each fi is a vertex of Fi and Fi+1. It follows that the polytope itself has only
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will only have 4 vertices. This leads to the following useful result.
We say a graph is k-vertex colourable if its vertices can be coloured with k different
colours such that no two adjacent vertices have the same colour.
3.1. Theorem. Let n 4, and let P be an n-polytope whose facets are all hemicubes. Then
the edge graph of each vertex figure must be (2n−2 − 1)-vertex colourable.
Proof. If all the facets of P are hemicubes, then as noted before, P has exactly 2n−2
vertices. Let x be one of the vertices, and let V be the vertex figure of P at x. Each vertex
of the vertex figure is an edge of P containing x and one other vertex of P . We may colour
each vertex of V with a colour corresponding to that other vertex. There are 2n−2 − 1 such
vertices. To show that we have constructed a (2n−2 − 1)-colouring, consider an edge E
of V . In P , E is a 2-face, which must be a square. The vertices of V joined by the edge
are, in P , the two edges of the square adjoining x. If these two edges are coloured the
same colour, then the square has two edges from x to the same vertex (of P), which is
impossible. It follows that the construction given above yields a (2n−2 − 1)-colouring of
the vertex figure. 
Theorem 3.1 has an immediate corollary.
3.2. Corollary. Let P be a section regular polytope of type {4,3,p}. If the facets of P are
not cubes, then the vertex figures are 3-colourable maps of type {3,p}.
In particular, if p is odd, a section regular polytope of type {4,3,p} must have cubes as
facets. This statement will be generalized in Theorem 3.6.
Let W be the n-Coxeter group [4,3, . . . ,3,p], and let M(W) =M be the correspond-
ing universal polytope. Let P =M/N be the quotient of M by N , where N is some
semisparse subgroup of W .
3.3. Lemma. If all facets of P are hemicubes, then N contains all conjugates by elements
of W of (s0 . . . sn−2)n−1.
Proof. First note that the facets of P are M(Hn−1)/(u−1Nu ∩ Hn−1), for u ∈ W (Theo-
rem 3.3 of [5] and Theorem 5.3 of [4]). It follows, since these facets are hemicubes, that
for all u ∈ W , u−1Nu ∩Hn−1 = 〈(s0 . . . sn−2)n−1〉, yielding the result. 
Let N∗ be the group generated by all conjugates in W of ω = (s0 . . . sn−2)n−1. Note
that N∗ is a normal subgroup of N . If u ∈ W , then u may be written vε1i1 . . . v
εk
ik
h,
where each εj = ±1, each vij is a generator of V , and h ∈ Hn−1 (see Lemma 2.1).
It follows, since ωh = hω and (as may be shown) ωvj = v−1j ω, that the generators
v
ε1
i1
. . . v
εk
ik
hωh−1v−εkik . . . v
−ε1
i1
are in fact all of the form v∗ω, where
v∗ = vε1i1 . . . v
εk
ik
v
εk
ik
. . . v
ε1
i1
.Let V ∗ be the group generated by all such v∗. This immediately gives the following lemma.
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Note that in the case when p = 4, V ∗ reduces to 〈v21, v22, . . . , v2n−1〉.
3.5. Lemma. If N∗ N , then Nvε1i1 . . . v
εk
ik
is equal to Nvi1 . . . vik for any vε1i1 . . . v
εk
ik
∈ V ,
where each εi = ±1.
Proof. Note that
Nv
ε1
i1
. . . v
εk
ik
= Nv−ε1i1 . . . v
−εk
ik
,
since v−ε1i1 . . . v
−εk
ik
v
−εk
ik
. . . v
−ε1
i1
is in N∗. Thus if εl = −1, then Nvε1i1 . . . v
εl−1
il−1 v
εl
il
vil+1 . . . vik
is equal to
Nv
−ε1
i1
. . . v
−εl−1
il−1 vil vil+1 . . . vik .
An inductive argument then yields the result. 
We can now prove the following significant result.
3.6. Theorem. If p is odd, and n  4, there are no n-polytopes of type {4,3, . . . ,3,p}
whose facets are all hemicubes.
Proof. Let p = 4k + 1, so (v1v2v−11 v−12 )kv1 = s1s0 (Theorem 2.4). It follows that
v−11 (v2v1v
−1
2 v
−1
1 )
k = (s1s0)−1, that is, (v−11 v2v1v−12 )kv−11 = s0s1. Then, by Lemma 3.5,
Ns0s1 = N(v1v2v−11 v−12 )kv1 is equal to N(v−11 v2v1v−12 )kv−11 (which equals Ns1s0), so
that N = N(s0s1)2, that is, (s0s1)2 ∈ N . It follows that N ∩ Hn−1 = 〈(s0 . . . sn−2)n−1〉,
and so the facets of P are not all hemicubes. A similar argument covers the case p =
4k + 3. 
However, results by Schulte (see [18] or Section 4E of [16]) show that we cannot prove
the same result for the case when p is even, as we see in the next section.
4. The flat amalgamation property
In [18], Schulte considers the “amalgamation problem” for regular abstract polytopes.
This is the problem, given two regular polytopes P1 and P2, of determining whether there
exist regular polytopes P whose facets are isomorphic to P1, and whose vertex figures
are isomorphic to P2. Evidently, a necessary condition for the existence of P is that the
vertex figures of P1 and the facets of P2 be isomorphic. In Theorem 2 of [18], he proves
that if this necessary condition holds, and if furthermore P1 and P2 have what he called
the “degenerate amalgamation property” (DAP) with respect to their vertex figures and
facets respectively, then there does exist such a P . His theorem also states a number of
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generalised, and renamed the flat amalgamation property (FAP).
The FAP is a rather technical condition on the generators of the automorphism group
Aut(P) of a regular polytope P . Let W = Aut(P) = 〈s0, s1, . . . , sn−1〉, and for each i, let
N+i be the normal closure of 〈sj : j  i〉, that is, the subgroup of W generated by {swj : w ∈
W,j  i}. Similarly, let N−i be the normal closure of 〈sj : j  i〉. It may be shown that
W = 〈s0, . . . , si−1〉N+i and similarly W = 〈si+1, . . . , sn−1〉N−i .
We say P has the FAP with respect to its i-faces (respectively co-i-faces) if W is in
fact a semidirect product W = 〈s0, . . . , si−1〉  N+i (respectively 〈si+1, . . . , sn−1〉  N−i ).
The reader interested in more details, including a geometric interpretation, is referred to
[18] or [16]. The latter also gives a more general construction of polytopes, using the FAP,
than was possible with just the DAP. Note, however, that with respect to facets and vertex
figures, the FAP and the DAP are identical.
Proposition 1 of [18] shows that any universal polytope of type {p1, . . . , pn−1} with
pn−1 even has the flat amalgamation property with respect to its facets. This is especially
useful given the following lemma. For the sake of brevity, we shall use here the term
hemicross to refer to the hemi-cross-polytope, the dual of the hemicube.
4.1. Lemma. For all n, the n-hemicross has the flat amalgamation property with respect
to its facets.
Proof. Let Wˆ = W/〈ω〉 = 〈sˆ0, . . . , sˆn−1〉 be the group of the hemicross, where W =
〈s0, . . . , sn−1〉 is the group of the cross, and ω = (s0 . . . sn−1)n. Let N+n−1 = 〈〈sn−1〉〉 =
〈τsn−1τ−1: τ ∈ W 〉, and Hn−1 = 〈s0, . . . , sn−2〉. Proposition 1 of [18] shows that N+n−1 ∩
Hn−1 = {1}. We want to prove here that if Nˆ+n−1 = 〈〈sˆn−1〉〉 = 〈τˆ sˆn−1τˆ−1: τˆ ∈ Wˆ 〉, and
Hˆn−1 = 〈sˆ0, . . . , sˆn−2〉, then Nˆ+n−1 ∩ Hˆn−1 = {1ˆ}.
Let ψ be the natural homomorphism from W to Wˆ . If aˆ ∈ Nˆ+n−1 ∩ Hˆn−1, then there
exists some a ∈ N+n−1 and h ∈ Hn−1 such that aˆ = aψ = hψ . Since then aψ = hψ , it
follows that ha−1 equals 1 or ω. If ha−1 = 1, then h = a = 1, so aˆ = 1ˆ. Now let ha−1 = ω.
Then ω = (s0 . . . sn−1)n = (αsn−1)n, where α = s0 . . . sn−2. Therefore
ω = (αsn−1α−1
)(
α2sn−1α−2
)
. . .
(
αnsn−1α−n
)
αn.
Since αn = 1 in W = [3, . . . ,3,4], it follows that ω ∈ N+n−1, whence h = ωa ∈ N+n−1 also.
Then, since N+n−1 ∩Hn−1 = {1}, it follows that h = 1, so once again aˆ = hψ = 1ˆ. We have
shown that if aˆ ∈ Nˆ+n−1 ∩ Hˆn−1, then aˆ = 1ˆ, which is the required result. 
4.2. Lemma. For all n, the n-hemicube has the flat amalgamation property with respect to
its vertex figures.
Proof. This follows immediately from the above Lemma 4.1 and the definition of the
FAP. 
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facets are hemicubes.
Proof. If p is even, the universal polytope of type {3, . . . ,3,p} has the FAP with respect
to its facets. This fact, combined with Lemma 4.2 and Theorem 2 of [18] (Corollary 4F11
of [16]), gives the result immediately. 
An alternative proof would be to construct such polytopes explicitly (via Schulte and
McMullen’s “twisting” operation—see [15] or Chapter 8 of [16]) as duals to 2H,D , where
H is the (n− 1)-hemicross, and D is the Coxeter diagram on n− 1 generators σ0, σ1, . . . ,
σn−1 where (σiσj )p/2 = 1 whenever i = j .
The following result is of interest.
4.4. Theorem. If P is a section regular n-polytope whose facets are hemicubes, the number
of vertices is 2n−2, and the number of facets of P is the same as the number of facets of
each of its vertex figures.
Proof. That the number of vertices is 2n−2 was noted in the opening paragraphs of Sec-
tion 3, and is a consequence of the fact that the hemicube is flat (and hence P also) is flat.
Now let the number of facets of a vertex figure be K . Since P is flat, so is its dual P∗.
The facets of P∗ have K vertices, and so P∗ also does. Therefore P has K facets as
required. 
For the case n = 3, Lemmas 4.1 and 4.2 in fact follow from results in Section 7 of [18],
and Table 1 of that article gives a number of examples of regular (and hence also section
regular) 4-polytopes, including some of type {4,3,p} for p = 4, 6 and 8. For p = 4, his
table in fact shows all the locally projective section regular 4-polytopes, as we now prove.
4.5. Theorem. For any n  4, there are only three locally projective section regular
n-polytopes of type {4,3, . . . ,3,4}.
Proof. If such a polytope has cubic facets, it must have hemicrosses for vertex figures
(being locally projective). As such, it is dual to a polytope whose facets are hemicubes. We
restrict our attention, therefore, to the latter case. Any such polytope must be the quotient of
a regular such polytope. Theorem 2 of [18] gives two such regular polytopes, one (sayM)
whose vertex figures are crosses (that is, cross-polytopes), and another (say M′) whose
vertex figures are hemicrosses.
Let P be a polytope of the kind we are seeking. Its vertex figures must be either crosses
or hemicrosses, hence it is a quotient of either M or M′ by a subgroup N of Aut(M) or
Aut(M′) (respectively). Let M∗ be the cover chosen (either M or M′) for P .
The facets of P are hemicubes, hence P has 2n−2 vertices (from Theorem 4.4). It there-
fore has 2n−2|H | flags, where H is the group of its vertex figures. The same argument can
be applied toM∗, henceM∗ and P =M∗/N have the same (finite) number of flags. This
is only possible if in fact N = 1, whence P is isomorphic to M∗.
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in this theorem, all regular. It may be the unique n-polytope with cubes for facets and
hemicrosses for vertex figures, or it may be the dual of that polytope, or it may be the unique
self-dual polytope with hemicubes for facets and hemicrosses for vertex figures. 
Note that for even p > 4, although there exist polytopes of type {4,3, . . . ,3,p} with
hemicubes for facets, these polytopes are not locally projective, since the vertex figures are
not spherical.
Lemma 4.2 and Theorem 3.1, along with Theorem 2 of [18], together yield an interest-
ing corollary:
4.6. Corollary. Let P be a regular polytope of type {3,p}. If P has the flat amalgamation
property with respect to its facets, it must have a 3-vertex-colourable edge graph. More
generally, let P be a regular n-polytope of type {3, . . . ,3,p}. If P has the FAP with respect
to its facets, it must have a (2n−2 − 1)-colourable edge graph.
5. Polytopes of type {4,3,5} and {4,3,3,5}
Any locally projective section regular polytope of type {4,3,5} must have cubes for
facets, and hemi-icosahedra for vertex figures, by Theorem 3.6. Such a polytope must be a
quotient of M(W), where W is the group generated by {s0, s1, s2, s3}, where the si satisfy
all the relations of the Coxeter group [4,3,5], as well as the relation (s1s2s3)5 (see Theo-
rem 2.3 of [7]). This universal polytope is the finite polytope 2{3,5}5 (see Theorems 8E10
and 11C6 of [16]). It has 80 facets, 64 vertices, and group C62  A5. Its quotients were
classified in [7], where it was found that there are in fact eleven section regular polytopes
whose facets are cubes and whose vertex figures are hemi-icosahedra. These eleven poly-
topes includeM(W) = 2{3,5}5 itself, and another regular polytope which is the quotient of
M(W) by a normal subgroup of order 2.
M(W) has a total of 70 quotients. All have only hemi-icosahedral vertex figures. Eight
of them have, as facets, a mixture of cubes and hemicubes. These polytopes, which are
neither regular nor section regular, satisfy a reasonable modified definition of a “locally
projective” polytope—the facets and vertex figures are all either spherical or projective,
and not all spherical.
For more details about the quotients of 2{3,5}5 , the reader is referred to [7]. Let it suffice
here to state the following.
5.1. Theorem. There exist locally projective polytopes of type {4,3,5}.
Now, let us turn attention to polytopes of type {4,3,3,5}. The existence of such poly-
topes, as well as the structure of the universal such polytope, may be deduced from the
results of [15] (see also Chapter 8 of [16]), which gives a technique for constructing a reg-
ular polytope P = LK,G from two smaller rank regular polytopes K and L, and a Coxeter
diagram G. The diagram G must be aK-admissible diagram, meaning that there is an action
of the group of K on G satisfying certain properties (see the given references for details).
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Schläfli symbol for P will be {p1, . . . , pn−1,2r, q1, . . . , qm−1} for some r . The polytopes
L and K will respectively be faces and cofaces of P . Since we are here examining poly-
topes with Schläfli symbol {4,3,3,5}, with hemi-600-cells for vertex figures, the logical
choice is that L should have rank 1 and K should be the hemi-600-cell. P may then be
denoted 2K,G .
It remains only to determine the appropriate Coxeter diagram G to use in the construc-
tion. To this end, it is helpful to examine polytopes 2F ,H where F is a facet of K, and H
is what McMullen and Schulte call a K-extendable diagram, whose vertex set is the set of
vertices of F .
In the case under consideration, F is a tetrahedron, which has four vertices. The only
F -admissible diagrams on four points are those where all edges have the same label s.
These diagrams all satisfy Condition 10 of [15] (8E1 of [16]), which ensures that they may
be extended to suitable K-admissible diagrams G as follows. Let G be the complete graph
on the vertex set of K, with edges labeled s if they are edges of K, otherwise ∞. Then,
Theorem 5.1 of [15] (8E2 of [16]) ensures that 2K,G will be the universal polytope whose
facets are 2F ,H and whose vertex figures are K.
The polytope 2F ,H turns out to have Schläfli symbol {2s,3,3}. We remind ourselves
we are seeking polytopes of type {4,3,3,5} and so choose s = 2. Then, 2F ,H is a 4-cube,
and G is a graph with 60 vertices, valence 47, and 1410 edges all labeled ∞.
Let the Coxeter group with diagram G be W ′. Let W be the group generated by
s0, s1, s2, s3 and s4, satisfying all the relations of [4,3,3,5] as well as the additional re-
lation (s1s2s3s4)15 = 1. Let H = 〈s1, s2, s3, s4〉. The above reasoning yields the following
result.
5.2. Theorem. There exist locally projective polytopes of type {4,3,3,5}. All such poly-
topes are quotients of the universal such polytope, whose group is W , isomorphic to
W ′  H .
Proof. The fact that the group of the universal polytope is W follows from Lemma 2.1 of
[15]. The rest of the theorem follows from the above discussion. 
In the construction of G, the labels of edges of K must be 2 in order to yield polytopes
with cubes for facets. The labels of other edges were made ∞ in order to discover the
universal locally projective polytope of type {4,3,3,5}. Other choices may be made for
those labels, yielding other polytopes, subject only to the constraint that G remain a K-
admissible diagram. In fact, these edges are partitioned into three orbits by the action on G
of the group ofK, and each orbit may be assigned a different label if desired. This will give
an infinite 3-parameter family of locally projective regular polytopes of type {4,3,3,5}.
All the polytopes except one will be infinite.
Let v be a vertex of the hemi-600-cell K, and let F1 be a (tetrahedral) facet of K con-
taining v. Let F2 be the facet adjoining F1 on the face f opposite v, and let x be the vertex
in F2 also opposite f . That is, v and x are vertices opposite each other in a pair of adjacent
tetrahedral facets of K. The first orbit consists of all pairs of vertices which are related in
this way. It yields a subgraph of G of valence 20, with 600 edges.
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icosahedron (corresponding in a sense to the vertex figure of K at x). Let f ′ be the face
opposite f on that icosahedron, and let z be a vertex of f ′, and y a vertex adjacent to z but
not on f ′. The second and third orbits respectively connect pairs of vertices of K related
like v and y, and like v and z. In the group of H = 〈s1, s2, s3, s4〉 of K, the elements
α = s1s2s3s4s3s2s1, β = α(s4s3s2)2s1 and γ = α(s4s3s2)3s1 map v to vertices like x, y
and z, respectively.
The second and third orbits yield subgraphs of G with valence 12 and 15 (that is, with
360 and 450 edges), respectively. We might denote by Gs,t,u the Coxeter diagram where
the three orbits have edges labelled s, t and u respectively, and by W ′s,t,u the Coxeter group
corresponding to Gs,t,u. By the construction in [15] (or Chapter 8 of [16]), these diagrams
yield polytopes Ps,t,u whose groups Ws,t,u are isomorphic to W ′s,t,u H . Note that Pp,q,r
will be a quotient of Ps,t,u if and only if p | s, q | t and r | u (where we take it that a | ∞
for any positive integer a).
A presentation for Ws,t,u may be found by adjoining the relators (s0αs0α−1)s ,
(s0βs0β−1)t and (s0γ s0γ−1)2u to the relators of W (that is, (v21)s , (v21v22s0s2s1s0s1s2)t
and (v21v2v
2
3v2s0s3s2s1s0s1s2s3)
u).
The only finite example constructed in this way is P2,2,2. For (s, t, u) = (2,2,2) it is
clear that Ps,t,u is infinite, since its group contains the (clearly infinite) Coxeter group
W ′s,t,u. The polytope P2,2,2 has a group of order 260.7200, isomorphic to C602  [3,3,5]/2.
It is beyond the scope of this article to classify the quotients of the universal polytope
P∞,∞,∞ of type {{4,3,3}, {3,3,5}/2}, or even of the finite P2,2,2. Let it suffice for now
to identify one or two small regular quotients of the latter.
Using GAP version 4 release 2.2 [3] it was discovered that the group W contains a
normal subgroup N of index 943718400 = 217.7200. GAP was used again to prove that
the quotient W ′ = W/N is a C-group. It was also shown directly that N is semisparse. For
either of these reasons, the quotient group W ′ is the group of a polytope.
W ′ has a permutation representation on 50 points, since N is the core of a subgroup
of W of index 50. In fact, N was discovered by searching for low index subgroups of
W with semisparse cores. Four such subgroups were found—two have cores of index
943718400 = 217.7200, the other two have cores of index 471859200 = 216.7200. This
shows the existence of two regular polytopes (the two quotients of order 943718400 turn
out to be isomorphic, as do the two of order 471859200). The groups of these polytopes
are isomorphic to the quotients of W by these semisparse cores.
It is not hard for GAP to show that these polytope have cubes for facets, and hemi-
600-cells for vertex figures. It is likely that they have myriads of section regular and other
quotients, but due to the memory restrictions of modern machines, the techniques of [7]
cannot be directly applied.
To understand better the structure of these “small” polytopes, it is helpful to find a pre-
sentation for the groups in terms of their generators s0, s1, s2, s3 and s4. Such a presentation
may be found using an approach suggested by Mike Newman ([17]). The group W ′ of or-
der 943718400 has an elementary abelian normal subgroup N of order 217 (index 7200).
This N contains s0. Newman’s suggested approach is to choose 17 conjugates of s0 as
generators for N , then these, together with s1, s2, s3 and s4 make 21 generators for W ′.
The relations between the 17 conjugates are easy to find, since N is elementary abelian.
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Conjugates of the basis of the elementary abelian group
x xs1 xs2 xs3 xs4
e1 e2 e1 e1 e1
e2 e1 e3 e2 e2
e3 e3 e2 e4 e3
e4 e4 e4 e3 e5
e5 e5 e5 e6 e4
e6 e6 e7 e5 e8
e7 e9 e6 e7 e10
e8 e8 e10 e8 e6
e9 e7 e9 e9 e11
e10 e11 e8 e12 e7
e11 e10 e11 e13 e9
e12 e13 e12 e10 e14
e13 e12 e8e10e11e12e13 e11 e15
e14 e15 e14 e16 e12
e15 e14 e6e7e9e14e15 e17 e13
e16 e17 e9e11e13e15e17 e14 e16
e17 e16 e6e7e8e10e12e13e14e15e16 e15 e17
The relations between s1, s2, s3 and s4 are known. Relations between these four si and
the 17 conjugates may be deduced by analysing the conjugation action of the four on the
seventeen. This yields a total of 214 relations on the 21 generators. GAP may be used to
test whether the group so presented is isomorphic to W ′. Then, the presentation may be
simplified.
The 17 conjugates chosen by the author were
e1 = s0, e2 = es11 , e3 = es22 ,
e4 = es33 , e5 = es44 , e6 = es35 ,
e7 = es26 , e8 = es46 , e9 = es17 ,
e10 = es47 , e11 = es49 , e12 = es310,
e13 = es311, e14 = es412, e15 = es413,
e16 = es314 and e17 = es315.
The conjugation action is given in Table 1.
The 214 relations may be laboriously reduced to just the relations of W and the addi-
tional relations v41 and v
2
1v2v3v2v
2
1v
2
4v
−1
3 v4v
2
1v
−1
2 v
−1
4 v
−1
2 s0s1s0s1s2s3. In principle, these
relations give the essence of the structure of the polytope: it is like a house of hypercube-
shaped rooms, arranged 5 per 2-face, 12 per edge, and 60 per vertex in the pattern of a
hemi-120-cell. That v41 = 1 tells us that travelling straight for four rooms leads back to
where one started. The longer relation also gives a path through the house that leads back
to the starting room. Any other such path may be derived from those described here.
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〈(s0s1s2s3s4)15〉 = 〈(v1v2v3v4)3v1v2v3s3s2s1s0〉.
These polytopes are both quotients of P2,2,2. It seems likely to the author that they are
two of the smaller amongst myriads of quotients, both regular and non-regular, of P2,2,2.
For quotients of Ps,t,u for other s, t and u, we have the following.
5.3. Theorem. There are infinitely many finite locally projective polytopes of type
{4,3,3,5}.
Proof. In [13, Theorem 1] (see also Theorem 4C4 of [16]) it was shown that if P is an
infinite universal polytope with a residually finite group, then P has infinitely many finite
quotients with the same vertex figures and facets as P . As noted in [13] (see also [16]),
it was shown in [10] that linear groups are residually finite. Here, Ws,t,u is the semidirect
product of a finite group [3,3,5]/2 with a finitely generated Coxeter group W ′s,t,u. Since
both finite groups and finitely generated Coxeter groups are linear, it follows that W is also
linear, hence residually finite. The group Ws,t,u, and hence the polytope Ps,t,u, is infinite
unless s = t = u = 2. This completes the proof. 
In fact this proof shows that except when s = t = u = 2, every Ps,t,u has infinitely many
finite quotients. This is a stronger result than the theorem actually states.
6. Conclusions and summary
We may briefly summarize the results of this paper in the form of a theorem.
6.1. Theorem. There exist locally projective n-polytopes of type {4,3, . . . ,3,p} if and only
if p = 4 and n 4, or p = 5 and n = 4 or 5.
Proof. Theorems 4.5, 5.1 and 5.2 show that there do exist locally projective polytopes for
the stated values of p and n. For any n  3 there can be no locally projective polytopes
since for n  2 all polytopes are spherical. If p = 3, Theorem 3.6 shows that the facets
cannot be projective, and there are no projective polytopes of type {3, . . . ,3} since the
simplex has no non-trivial quotients. (Alternatively, note Theorem 2.14 of [6].) For any
other value of p or n, the vertex figures are neither spherical nor projective, thus precluding
the existence of locally projective polytopes. 
All cases except {4,3,3,5} have been completely analysed in the sense that the section
regular locally projective polytopes have been completely classified.
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